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An approximate self-consistent modelling is proposed to estimate the effective viscoelastic
response of polycrystals presenting an ageing constitutive behaviour. This approach makes
use of the equivalence between the Dirichlet series approximation of the viscoelastic
functions and an internal variables formulation. An illustrative application is performed for
model 2d polycrystals for which the exact expression of the continuous effective relaxation
spectrum is given.
1. Introduction
In the context of effective mechanical properties of heterogeneous materials derived by scale transition, viscoelasticity
has a special place and still represents a challenging problem. The speciﬁcity of this class of behaviours, as compared to
elasticity, lies in the occurrence of “memory effects” due to the spatio-temporal interactions between the constituents [1].
This prevents from using directly standard homogenization techniques and the whole stress and strain histories must be
taken into account to describe the response of the material at a given time [2]. For that goal, two routes have been explored:
(i) the building of approximate solutions making use of a restricted set of internal variables which keep track of the stress (or
strain) histories [3,4]; and (ii) the use of the correspondence principle [5] to solve the homogenization problem [6–9]. The
latter approach, which relies on the Laplace–Carson (LC) transforms technique, allows to express the linear viscoelastic prob-
lem as a symbolic linear elastic problem in the LC space. Provided that the inversion of the symbolic effective properties can
be performed accurately, it yields the exact solution (for a given homogenization scheme) of the viscoelastic homogenization
problem. In more general situations, the LC inversion can be estimated by approximating the involved quantities by Dirichlet
series. However, for ageing viscoelastic materials, the constitutive behaviour cannot be expressed anymore as a convolution
product between a viscoelastic modulus (resp. compliance) and a strain (resp. stress) history. As a consequence, the classical
correspondence principle does not apply directly [10]. In this framework, the aim of the present article is to propose an ap-
proximate treatment to describe the effective ageing behaviour of polycrystalline materials in a general context of anisotropy.
For this purpose, we are making use of the recent work of Ricaud and Masson [11] which have shown that the classical
formulation derived from the correspondence principle combined with the Dirichlet series approximation is equivalent to an
internal variables formulation with a ﬁnite number of variables. This equivalence can be advantageously used to build an in-
cremental self-consistent approach for the description of the viscoelastic response of ageing polycrystals. A similar formula-
tion, making use of the localization relations, has been given in the context of hardening thermoviscoelastic polycrystals [12].
The outline of the article is as follows. To start with, the internal variables formulation of the self-consistent model for
ageing viscoelasticity is presented. Then, this general framework is applied to a model 2d polycrystal deformed by antiplane
shear. For this class of polycrystals, the exact expression of the effective relaxation modulus, which exhibits a continuous
spectrum, is obtained and used to assess the approximation based on Dirichlet series.
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2. Effective behaviour of ageing viscoelastic polycrystals: an internal variables formulation
Let us consider a polycrystalline material with volume Ω containing grains with N different crystalline orientations (r).
The set of all grains with the same orientation represents the constitutive phase (r) occupying the non-connex volume
Ωr described by the characteristic function χr(x) which is equal to 1 if x ∈ Ωr and 0 otherwise. The volumic fraction of
phase (r) is thus cr = 〈χr〉. The phases are perfectly bonded and each phase obeys a non-ageing linear viscoelastic behaviour.
In addition, the strain and stress ﬁelds throughout Ω are assumed to be zero for any time t lower than the initial loading
time t = 0. For non-ageing material, the constitutive strain–stress relation is given by a Sieljes convolution product as
follows:
σ (x, t) =
t∫
0
L(x, t − u) : ε˙(x,u)du, ∀x ∈ Ω, with L(x, t) =
∑
r
χr(x)Lr(t) (1)
In this relation, possible discontinuities of the involved quantities, considered as generalized functions, have to be taken into
account while Lr(t) denotes the relaxation function of phase (r). The overall behaviour of the considered material submitted
to a known macroscopic history of strain ε(t) reads
σ (t) =
t∫
0
L˜(t − u) : ε˙(u)du (2)
2.1. Self-consistent estimates
To derive the overall behaviour of viscoelastic heterogeneous materials, the correspondence theorem [5] is customarily
used. The Laplace–Carson (LC) transform1 helps transforming the non-ageing linear viscoelastic behaviour into a symbolic
elastic one. The LC transform of the constitutive relation (1) reads
σˆ (x, p) = Lˆ(x, p) : εˆ(x, p), ∀x ∈ Ω, with Lˆ(x, p) =
∑
r
χr(x)Lˆr(p) (3)
for which the classical homogenization techniques apply. In the sequel, the self-consistent (SC) scheme is considered since
it is known to deliver accurate results for the effective behaviour and the statistics of local ﬁelds within elastic polycrystals,
see for instance [13,14]. The SC estimate of the effective compliance ˆ˜MSC(p) = ˆ˜L−1SC (p) is given by [7]⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
ˆ˜MSC(p) =
∑
s
csMˆ
(s)(p) : Bˆ(s)SC (p)
Bˆ(r)SC (p) =
(
Mˆ(r)(p) + [QˆSC(p)]−1)−1 : ( ˆ˜MSC(p) + [QˆSC(p)]−1)∑
s
csBˆ
(s)
SC (p) = I
(4)
where I denotes the fourth-order unit tensor, QˆSC(p) is the Hill constraint tensor and Bˆ
(r)
SC is the average stress concentration
tensor over phase (r). The Hill constraint tensor depends on the effective symbolic elastic moduli ˆ˜LSC(p) as well as the
Eshelby tensor Sˆ(p) through
QˆSC(p) = ˆ˜LSC(p) :
[
Sˆ−1(p) − I] (5)
Finally, at a given time t , the phase-averaged stresses σ (r)(t) are solutions of the following system of linear integral equa-
tions: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
σ (r)(t) − σ (t) = −
t∫
0
QSC(t − u) :
(
ε˙(r)(u) − ε˙(u))du
σ (r)(t) =
t∫
0
Lr(t − u) : ε˙(r)(u)du
ε(t) =
∑
s
csε
(s)(t) and σ (t) =
∑
s
csσ
(s)(t)
(6)
1 The Laplace–Carson transform of a function f (t) reads fˆ (p) = p ∫ +∞0 f (t)e−pt dt .
2.2. Internal variables formulation
To solve the system (6), it is required to determine the time function QSC(t) by inversion of its LC transform deﬁned by
relation (5). Apart from some particular cases for which this inversion can be performed exactly (see [15,16] and Section 3
of the present paper) and the speciﬁc case of the “quasi-elastic” approximation [7,17,18], the inversion of the involved LC
transforms is generally performed numerically thanks to the collocation method [19]. This method consists in approximating
Hill’s constraint tensor by the Dirichlet series expansion
QSC(t) ≈ Q∗SC (t) =
Np∑
i=1
QSC(τi)e
− tτi (7)
with the following constraint
∑Np
i=1QSC(τi ) = QeSC (QeSC denotes the Hill constraint tensor corresponding to the purely elas-
tic problem, that is QˆSC(+∞)). It is worth noting that other asymptotic relations exist [20]. As remarked by Ricaud and
Masson [11], this approximation is equivalent to an internal variables formulation. Indeed, the introduction of the approxi-
mation (7) in the integral relation (6) yields⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
σ (r)(t) − σ (t) = −QeSC :
(
ε(r)(t) − ε(t) −
Np∑
i=1
q(r)τi (t)
)
q˙(r)τi (t) +
1
τi
q(r)τi (t) =
1
τi
[
QeSC
]−1 : QSC(τi) : (ε(r)(t) − ε(t)) with q(r)τi (0) = 0
(8)
where q(r)τi (t) is a second-order tensorial internal variable relative to phase (r) and collocation time τi . Hence, a set of
N ∗ Np internal variables is deﬁned. This rewriting of the viscoelastic homogenization problem making use of Dirichlet
series approximation does not provide a new framework for non-ageing behaviours. However, we can take advantage of this
equivalence between the hereditary approach and an internal variables formulation to build an approximate incremental
model for ageing viscoelastic materials.
2.3. Extension to ageing behaviours
It is now assumed that the constitutive phases of the polycrystal display an ageing viscoelastic behaviour
σ (x, t) =
t∫
0
L(x, t,u) : ε˙(x,u)du, ∀x ∈ Ω, with L(x, t,u) =
∑
r
χr(x)Lr(t,u) (9)
where L(i jkl)r(t,u) denotes the (i j) component of the stress state at time t caused by a unit strain with component (kl)
applied at time u. As a result, the effective behaviour reads [10]
σ (t) =
t∫
0
L˜(t,u) : ε˙(u)du (10)
It is pointed out that the effective relaxation function depends separately on times t and u by contrast with a non-ageing
behaviour for which it depends only on the time difference (t − u). As a result, the correspondence theorem does not
apply to this situation. To circumvent this diﬃculty, it is proposed to apply incrementally the internal variables formulation
derived in the previous section by imposing the continuity of the internal variables.
We consider a strain loading path on the time interval [0; t− δt], with δt a small time increment, and we aim at deriving
the overall stress response at time t . On the time interval [t− δt; t], we deﬁne a non-ageing viscoelastic material constituted
with phases whose relaxation functions read
Lr(u) = Lr
(
t + (ξ − 1)δt,u), ∀r ∈ [1;N]
with ξ a numerical parameter ranging from 0 to 1. By denoting QSC(t,u) the Hill constraint tensor corresponding to the
SC estimate of this non-ageing viscoelastic problem, deﬁned on the time interval [t − δt, t], the following Dirichlet series
approximation can still be adopted:
QSC(t,u) ≈
Np∑
i=1
QSC(τi)(t)e
− uτi (11)
with the following constraint
∑Np
i=1QSC(τi )(t) = QSC(t,0). QSC(t,0) denotes the Hill constraint tensor corresponding to the
purely elastic problem. If the elastic properties are ageing, this fourth-order tensor may be different from QeSC = QSC(t = 0,
u = 0) and is denoted hereafter by QeSC(t). It is also remarked that the number (Np) and the values of the collocation
times (τ1, . . . , τNp ) do not depend on time t , by opposition to the fourth-order tensors (QSC(τ1)(t), . . . ,QSC(τNp )(t)). This
approximation is physically meaningful if the number and the range of the collocation times are chosen large enough to
cover the whole range of time variations of the constraint tensor (see Section 3.4). As a result, the unknown phase-averaged
stresses at time t (σ (r)(t)) are solutions of the following system of differential equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
σ (r)(t) − σ (t) = −QeSC(t) :
(
ε(r)(t) − ε(t) −
Np∑
i=1
q(r)τi (t)
)
q˙(r)τi (t) +
1
τ i
q(r)τi (t) =
1
τi
[
QeSC(t)
]−1 : QSC(τi)(t) : [ε(r)(t) − ε(t)]
σ (r)(t) =
t∫
0
Lr(t,u)ε˙
(r)(u)du
ε(t) =
∑
s
csε
(s)(t) and σ (t) =
∑
s
csσ
(s)(t)
(12)
with the initial conditions q(r)τi (0) = 0. Here, we assume continuity of the phase-average stresses σ (r) (for a continuous over-
all loading) and internal variables q(r)τi to solve for (12), when stepping from one time interval to the next time step. The
internal variables being solutions of ﬁrst-order differential equations, their time evolutions on the time interval [t − δt; t]
are entirely determined by these continuity conditions. It is worth emphasizing that these continuity conditions remain a
simpliﬁcation closely related to the fact that the collocations times do not depend on the considered time interval. How-
ever, this approximation remains consistent with the non-ageing situation, the system (12) with the initial and continuity
conditions deﬁned above being equivalent to the system (8) when the coeﬃcients of the Dirichlet series expansion (11) do
not depend on time.
3. Application to columnar 2D viscoelastic polycrystals
A 2d viscoelastic polycrystal, consisting of columnar orthorhombic grains with symmetry axes aligned with the eIII
macroscopic direction, is considered. Each grain presents two slip systems (a) and (b) with common slip direction e3 and
orthogonal slip planes of normal e1 and e2 in the crystalline reference frame. The corresponding Schmid tensors are
R(a) = 1
2
(e1 ⊗ e3 + e3 ⊗ e1) and R(b) = 1
2
(e2 ⊗ e3 + e3 ⊗ e2) (13)
Such a polycrystal can only deform by antiplane shear. By assuming that the behaviour is Maxwellian on each slip system,
the constitutive behaviour of the crystals is Maxwellian anisotropic. The LC transform of the viscoelastic compliance of
phase (r) reads
Mˆ(r)(p) =
∑
k
1
μˆ(k)(p)
R(k) ⊗ R(k), k = a,b (14)
with μˆ(k) the symbolic relaxation modulus of each slip system
μˆ(k)(p) = μ(k)e p
p + 1
τ k
, k = a,b (15)
where μ(k)e and τ
k are respectively the elastic shear modulus and the characteristic relaxation time of slip system (k)
(τ k = μ(k)v /μ(k)e ). For the sake of simplicity, we consider the case of a polycrystal with a checkerboard microstructure2
(Fig. 1) whose crystalline orientations are deﬁned by the angle β between the crystal frame (e1, e2) and the reference
frame (eI , eII): β = 0◦ for phase (1) and β = 90◦ for phase (2). Consequently, the overall response of the polycrystal is
isotropic. The symbolic relaxation tensors of the two crystalline phases read, in the reference frame (eI , eII),
Lˆ(1)(p) = 2
(
μˆ(a)(p) 0
0 μˆ(b)(p)
)
, Lˆ(2)(p) = 2
(
μˆ(b)(p) 0
0 μˆ(a)(p)
)
(16)
2 It is stressed out that the results on the effective response derived hereafter do apply to any isotropic 2d polycrystalline microstructure.
Fig. 1. Deﬁnition of the unit-cell of the checkerboard.
3.1. Effective behaviour
As noted by Ponte Castañeda and Nebozhyn [21], the SC estimate for the (symbolic) relaxation modulus ˆ˜μSC(p) of the
2d polycrystal can be computed exactly when the compliances Mˆ(r)(p) are identical, except for a rotation. In this case, the
SC estimate of the LC transform of the effective relaxation modulus reads
ˆ˜μSC(p) =
√
μˆ(a)(p)μˆ(b)(p) = μ˜e p√
(p + 1τ a )(p + 1τ b )
with μ˜e =
√
μ
(a)
e μ
(b)
e (17)
which agrees with the analytical result of Dykhne [22] for the analogous conductivity problem. For this speciﬁc class of
polycrystals, the SC scheme is thus exact and the overall relaxation function μ˜SC(t) is straightforwardly obtained (see [23]).
It reads, for τ a < τ b ,
μ˜SC(t) = μ˜ee− t2τa e−
t
2τb J0
( 1
τ a − 1τ b
2
tı
)
(18)
with J0 the Bessel function of the ﬁrst kind and ı2 = −1. Alternatively, starting from Sommersfeld’s integral representation
of J0(x), which can be expressed as [24]
J0(x) = 1
2π
π∫
−π
e−ıx sin(τ ) dτ
the relaxation function takes the form
μ˜SC(t) =
τ b∫
τ a
g(τ )e−
t
τ dτ (19)
where g(τ ) denotes the relaxation spectrum3
g(τ ) = 1
π
μ˜e
2τ aτ b
(τ b − τ a)τ 2
1√
1−
( 2
τ − 1τa − 1τb
1
τa
− 1
τb
)2 (20)
As former results derived with the SC scheme for a two-phase isotropic material [15], it is worth emphasizing that a
continuous bounded spectrum g(τ ) is obtained for this speciﬁc class of 2d polycrystals. This property is expected to hold
for more general polycrystalline materials.
It is also remarked that the effective relaxation function is solution of a differential equation since J0(x) is, by deﬁnition,
solution of the following differential equation
x2 y′′(x) + xy′(x) − x2 y(x) = 0
3 The integrand g(τ ) becomes unbounded when τ tends to τ a or τ b . However, the improper integral (19) is convergent.
Hence, it turns out to be solution of a second-order differential equation with nonconstant coeﬃcients, namely4
t ¨˜μ(t) + ˙˜μ(t)
(
t(τ a + τ b)
τ aτ b
+ 1
)
+ μ˜(t)
(
(τ a + τ b)
2τ aτ b
[
1+ (τ
a + τ b)t
2τ aτ b
]
− t
[
1
2
τ a − τ b
τ aτ b
]2)
= 0 (21)
3.2. Effective behaviour: exact versus approximate results
By noting that for the 2d incompressible isotropic case, the Hill constraint tensor is equal to the properties tensor of the
reference medium (which coincides with the effective medium for the SC model), that is Q˜SC(t) = L˜SC(t), the LC transform
of the constraint tensor reads
QˆSC(p) = 2 ˆ˜μSC(p)K
with K the isotropic deviatoric projection tensor. Consequently, the interaction equation (6) reduces to
s(r)(t) − s(t) = −2
t∫
0
μ˜SC(t − u) :
(
e˙(r)(u) − e˙(u))du (22)
where e, s denote the deviatoric parts of the strain and the stress ﬁelds, respectively. It is remarked that this relation is
equivalent to
s(r)(t) − s(t) = −2μ˜e
(
e(r)(t) − e(t) −
τ b∫
τ a
αdτ (t)dτ
)
(23)
where the internal variables associated to the continuous distribution of relaxation times τ ∈ [τ a;τ b] satisfy
α˙dτ (t) +
1
τ
αdτ (t) =
1
τ
g(τ )
2μ˜e
(
e(r)(t) − e(t)) with α(0) = 0 (24)
Relations (23) and (24), together with the expression (20) of the continuous relaxation spectrum g(τ ), provide an exact
description of the response of the model 2d polycrystal. It can be pointed out that the approximation (7) leads to a similar
form. However, it presents the distinctive feature of a Dirac distribution of internal variables since the relaxation spectrum is
approximated by g(τ ) ≈ g∗(τ ) =∑Npi=1 gτi δ(τ − τi), the constants τi and gτi being related to the Dirichlet series expansion
of the effective shear modulus, that is
μ˜SC(t) ≈ μ˜∗SC(t) =
Np∑
i=1
gτie
− tτi with the constraint
Np∑
i=1
gτi = μ˜e
Fig. 2 shows the good agreement of the approximate model with the exact solution for the overall shear behaviour of a
polycrystal subjected to a disrupted relaxation loading (see the overall strain loading on Fig. 3). The polycrystal exhibits a
homogeneous elasticity and the contrast on the relaxation times is τ b/τ a = 6 (τ a = 1s). For the approximate estimate, ﬁve
collocation points have been used between τ a and τ b .
3.3. Phase-averaged inﬂuence tensors
In a strictly equivalent manner to relations (23) and (24), the phase-averaged deviatoric stress and strain ﬁelds can be
obtained by using the inﬂuence tensors which relate them to the macroscopic ﬁelds through the localization relations. The
mechanical ﬁelds averaged over phase (r) can be expressed as
e(r)(t) =
t∫
0
A(r)(t − u) : e˙(u)du and s(r)(t) =
t∫
0
B(r)(t − u) : s˙(u)du (25)
4 Two initial conditions have to be given to solve this (nonlinear) second-order differential equation. For a relaxation test starting at t = 0, the ﬁrst
condition is μ˜(0) = μ˜e . Given that
LC[ ˙˜μ](p) = p[ ˆ˜μ(p) − μe] and lim
p→∞ LC[ ˙˜μ] = limt→0
˙˜μ(t)
the second initial condition is given by ˙˜μ(0) = − 12 μ˜e τ
a+τ b
τ aτ b
.
Fig. 2. Exact continuous relaxation spectrum of the 2d polycrystal (relation (20)) (left) and comparison of the overall shear stress evolution during a
disrupted relaxation loading as predicted by the approximate model versus the exact solution (right).
Fig. 3. Deﬁnition of the thermomechanical loading for the disrupted relaxation test.
with A(r)(t) and B(r)(t) the phase-averaged inﬂuence tensors. In the general case, their LC transforms are related to the Hill
constraint tensor by relation (4). However, for the speciﬁc case of a two-phase polycrystal, the LC transform of the strain
localization tensors, for instance, is simply given by
Aˆ(r) = 1
cr
(
Lˆ(r) − Lˆ(s))−1 : ( ˆ˜L− Lˆ(s)), (r, s) = (1,2) (26)
Moreover, for the considered polycrystal whose phases present a misorientation of 90◦ (Fig. 1), the inﬂuence tensors obey
Aˆ(r) = Bˆ(s) with (r, s) = (1,2) which is due to the fact that a 2d divergence-free ﬁeld has the property of transforming into
a curl-free ﬁeld when rotated by 90◦ [22]. The LC transforms of the average strain localization tensors read, in the reference
frame,
Aˆ(1)(p) = 2
(
1− ηˆ(p) 0
0 ηˆ(p)
)
, Aˆ(2)(p) = 2
(
ηˆ(p) 0
0 1− ηˆ(p)
)
with ηˆ(p) = 1
1+
√
μˆ(b)(p)
μˆ(a)(p)
(27)
The exact inﬂuence tensors of the viscoelastic homogenization problem can thus be obtained with the inverse LC transform
of ηˆ(p). By noting that its Laplace transform η = ηˆ/p can be written as
η∗(p) = τ
aτ b
τ a − τ b
[
1+ 1
pτ b
− 1
p
√(
p + 1
τ a
)(
p + 1
τ b
)]
we eventually obtain
η(t) = τ
aτ b
τ a − τ b
[
1
τ b
−
√
1
τ aτ b
− 1
π
τ b∫
τ a
√(
1
τ a
− 1
τ
)(
1
τ
− 1
τ b
)
1
τ
e−
t
τ dτ
]
3.4. Ageing viscoelastic behaviour
The incremental homogenization approach proposed in Section 2 is now applied to describe the ageing viscoelastic
response of the 2d polycrystal. For illustrative purpose, it is assumed that the viscous shear moduli μ(k)v depend on the
temperature θ(t). This can be for example related to the temperature dependence of the critical shear stress necessary
to activate dislocation glide on crystallographic planes. By approximating the effective shear moduli by a Dirichlet series
expansion, the effective constitutive relation can be expressed as⎧⎪⎨
⎪⎩
s˙(t) = 2
(
μ˜e : e˙(t) −
∑
i
μ˜SC(τi)(t)α˙τi (t)
)
τiα˙τi (t) + ατi (t) = e(t), ατi (0) = 0, ∀i ∈ [1;Np]
(28)
which is an alternative writing of the overall behaviour deﬁned by system (12) for non-ageing elasticity. It is emphasized
that μ˜SC(τi )(t) represent the collocation coeﬃcients for the non-ageing shear viscoelastic effective behaviour deﬁned at each
time step [t − δt; t]. The overall stress increment s(t) reads
s(t) = 2
(
μ˜e : e(t) −
∑
i
μ˜SC(τi)(t)ατi (t)
)
(29)
where e(t) includes possible strain discontinuities in the loading path. It is recalled that internal variables ατi are sup-
posed to be continuous between successive time steps.
We consider the relaxation response of the polycrystal subjected to simultaneous jumps of temperature and overall
strain (see the overall disrupted thermomechanical loading on Fig. 3). The polycrystal is elastically homogeneous and the
viscous shear moduli of each slip system vary with the temperature. For the present application, the relaxation times at
temperature θ2 are τ a = 1 s and τ b = 6 s while at temperature θ1 we assume that τ a = 2 s and τ b = 102 s. Consequently,
both slip systems “harden” when the temperature decreases and the viscous glide on slip system (b) is almost prevented
when the polycrystal is at temperature θ1. To estimate the effective response of this ageing polycrystal, ﬁve collocation points
have been chosen between 1 s and 102 s to span the whole range of variations of the relaxation times during the considered
thermomechanical loading. The accuracy of this approximation was evaluated by comparing the shear relaxation functions at
both temperatures θ1 and θ2 as predicted by this approximation and the exact results (18). It yields an excellent agreement.
On Fig. 4, the effective stress response for the ageing situation is compared to the non-ageing behaviour corresponding to
temperature θ2. As expected, the temperature ageing implies a reduced relaxation rate. However, it can be noted that this
relaxation is non-vanishing since viscous glide can still occur on slip system (a).5
4. Concluding remarks
The equivalence between the collocation-like methods and an internal variables approach has been advantageously
used to build an incremental self-consistent modelling of the ageing viscoelastic behaviour of polycrystals. This incre-
mental formulation, which assumes continuity of the internal variables, has been applied to a model 2d polycrystal with
a checkerboard microstructure. Interestingly, it has also been shown that the exact relaxation spectrum of such polycrystals
is continuous and the analytical expression of the phase-averaged localization (concentration) tensors has been obtained.
For further prospects, it is our contention that the proposed approach offers an attractive framework to tackle nonlinear
viscoelastic behaviours.
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References
[1] P. Suquet, Elements of homogenization for inelastic solid mechanics, in: E. Sanchez-Palencia, A. Zaoui (Eds.), Homogenization Techniques for Composite
Media, Springer-Verlag, 1987, pp. 194–278.
[2] A. Zaoui, J.L. Raphanel, On the nature of the intergranular accommodation in the modeling of elastoviscoplastic behavior of polycrystalline aggregates,
in: Teodosiu, Raphanel, Sidoroff (Eds.), Mecamat’91, Rotterdam, 1993, pp. 185–192.
[3] H. Sabar, M. Berveiller, V. Favier, S. Berbenni, A new class of micro–macro models for elastic–viscoplastic heterogeneous materials, Internat. J. Solids
Structures 39 (2002) 3257–3276.
[4] N. Lahellec, P. Suquet, Effective behavior of linear viscoelastic composites: A time-integration approach, Internat. J. Solids Structures 44 (2007) 507–529.
[5] J. Mandel, Mécanique des milieux continus, Gauthier-Villars, Paris, France, 1966.
[6] Z. Hashin, Complex moduli of viscoelastic composites. I. General theory and application to particulate composites, Internat. J. Solids Structures 6 (1970)
539–552.
[7] N. Laws, R. McLaughlin, Self-consistent estimates for the viscoelastic creep compliances of composite materials, Proc. R. Soc. Lond. Ser. A 359 (1978)
251–273.
[8] Y. Rougier, C. Stolz, A. Zaoui, Self-consistent modelling of elastic–viscoplastic polycrystals, C. R. Acad. Sci. Paris Ser. IIb 318 (1994) 145–151.
[9] R. Masson, A. Zaoui, Self-consistent estimates for the rate-dependent elastoplastic behaviour of polycrystalline materials, J. Mech. Phys. Solids 47 (1999)
1543–1568.
[10] J. Mandel, Mechanics of Visco-Elastic Media and Bodies, Springer, Berlin, 1974, Ch. Un principe de correspondance pour les corps viscoélastiques
linéaires vieillissants, pp. 44–55.
[11] J.-M. Ricaud, R. Masson, Effective properties of linear viscoelastic heterogeneous media: Internal variables formulation and extension to ageing be-
haviours, Internat. J. Solids Structures 46 (2009) 1599–1606.
[12] Q.H. Vu, R. Brenner, O. Castelnau, H. Moulinec, P. Suquet, A self-consistent estimate for linear viscoelastic polycrystals with internal variables inferred
from the collocation method, Model. Simul. Mater. Sci. Engin. 20 (2012) 024003.
[13] R.A. Lebensohn, Y. Liu, P. Ponte Castañeda, On the accuracy of the self-consistent approximation for polycrystals: comparison with full-ﬁeld numerical
simulations, Acta Materialia 52 (2004) 5347–5361.
[14] R. Brenner, R.A. Lebensohn, O. Castelnau, Elastic anisotropy and yield surface estimates of polycrystals, Internat. J. Solids Structures 46 (2009) 3018–
3026.
[15] Y. Rougier, C. Stolz, A. Zaoui, Représentation spectrale en viscoélasticité linéaire des matériaux hétérogènes, C. R. Acad. Sci. Paris Ser. II 316 (1993)
1517–1522.
[16] S. Beurthey, A. Zaoui, Structural morphology and relaxation spectra of viscoelastic heterogeneous materials, Eur. J. Mech. A Solids 19 (2000) 1–16.
[17] P.A. Turner, C.N. Tomé, C. Woo, Self-consistent modelling of nonlinear visco-elastic polycrystals: an approximate scheme, Phil. Mag. A 70 (4) (1994)
689–711.
[18] R. Brenner, R. Masson, O. Castelnau, A. Zaoui, A “quasi-elastic” aﬃne formulation for the homogenized behaviour of nonlinear viscoelastic polycrystals
and composites, Eur. J. Mech. A Solids 21 (2002) 943–960.
[19] R.A. Schapery, Approximate methods of transform inversion for viscoelastic stress analysis, in: Proc. U.S. Nat. Congr. Appl. Mech. ASME 4th, vol. 2, 1962,
pp. 1075–1085.
[20] P. Suquet, Four exact relations for the effective relaxation function of linear viscoelastic composites, C. R. Mecanique (2012) doi:10.1016/j.crme.
2012.02.022.
[21] P. Ponte Castañeda, M.V. Nebozhyn, Variational estimates of the self-consistent type for the effective behaviour of some model nonlinear polycrystals,
Proc. R. Soc. Lond. Ser. A 453 (1997) 2715–2724.
[22] A.M. Dykhne, Conductivity of a two-dimensional two-phase system, Soviet Phys. JETP 32 (1970) 63–65.
[23] D. Papin, Cours de calcul opérationnel, Albin Michel, 1960.
[24] A.F. Nikiforov, V.B. Uvarov, Special Functions of Mathematical Physics, Birkhäuser, Basel, 1988.
